Let Q be the field of rationals numbers. We prove that: (1) if
Theorem 1 may be viewed as a discrete form of the classical Beckman-Quarles theorem, which states that any map from R n to R n (2 ≤ n < ∞) preserving unit distance is an isometry, see [1] [2] [3] . Theorem 1 was announced in [9] and prove there in the case where n = 2. A stronger version of Theorem 1 can be found in [10] , but we need the elementary proof of Theorem 1 as an introduction to Theorem 2.
Theorem 1. If x, y ∈ R n (n > 1) and |x − y| is constructible by means of ruler and compass then there exists a finite set S xy ⊆ R n containing x and y such that each map from S xy to R n preserving unit distance preserves the distance between x and y.
Proof. Let us denote by D n the set of all non-negative numbers d with the following property: if x, y ∈ R n and |x − y| = d then there exists a finite set S xy ⊆ R n such that x, y ∈ S xy and any map f : S xy → R n that preserves unit distance preserves also the distance between x and y.
Obviously 0, 1 ∈ D n . We first prove that if d ∈ D n then 2 + 2/n · d ∈ D n . Assume that d > 0, x, y ∈ R n and |x − y| = 2 + 2/n · d. Using the notation of Figure 1 we show that S xy := {S ab : a, b ∈ {x, y, y, p 1 , p 2 , ..., p n , p 1 , p 2 , ..., p n }, |a − b| = d} satisfies the condition of Theorem 1. Figure 1 shows the case n = 2, but equations below Figure 1 describe the general case n ≥ 2; z denotes the centre of the (n − 1)dimensional regular simplex p 1 p 2 ...p n .
Assume that f : S xy → R n preserves distance 1. Since
we conclude that f preserves the distances between y and y, x and p i (1 ≤ i ≤ n), y and p i (1 ≤ i ≤ n), and all distances between p i and p j (1 ≤ i < j ≤ n). Hence |f (y) − f ( y)| = d and |f (x) − f (y)| equals either 0 or 2 + 2/n · d. Analogously we have that |f (x) − f ( y)| equals either 0 or 2 + 2/n · d. Thus f (x) = f (y), so |f (x) − f (y)| = 2 + 2/n · d which completes the proof that 2 + 2/n · d ∈ D n .
Therefore, if d ∈ D n then (2 + 2/n) · d = 2 + 2/n · ( 2 + 2/n · d) ∈ D n .
We next prove that if x, y ∈ R n , d ∈ D n and |x − y| = (2/n) · d then there exists a finite set Z xy ⊆ R n containing x and y such that any map f : Z xy → R n that preserves unit distance satisfies |f (x) − f (y)| ≤ |x − y|; this result is adapted from [3] . It is obvious in the case where n = 2, therefore we assume that n > 2 and d > 0. In Figure 2 , z denotes the centre of the (n − 1)-dimensional regular simplex p 1 p 2 ...p n . Figure 2 shows the case n = 3, but equations below Figure 2 describe the general case where n ≥ 3.
Define:
If d ∈ D n , then 2 · d ∈ D n (see Figure 3 ). 
Observation. If x, y ∈ R n (n > 1) and ε > 0 then there exists a finite set T xy (ε) ⊆ R n containing x and y such that for each map f :
Proof. It follows from Figure 6 .
Note. The above part of the proof can be found in [10] . Figure 7 , cf. [9] 
In Figure 8 , z denotes the centre of the (n − 1)-dimensional regular simplex p 1 p 2 ...p n , n = 2, but equations below Figure 8 describe the general case where 
In order to prove that D n \{0} is a multiplicative group it remains to observe that if positive a, b, c ∈ D n , then a·b c ∈ D n (see Figure 9 , cf. [9] ).
If a ∈ D n , a > 1, then √ a = 1 2 · (a + 1) 2 − (a − 1) 2 ∈ D n ; if a ∈ D n , 0 < a < 1, then √ a = 1/ 1 a ∈ D n . Thus D n contains all non-negative real numbers contained in the real quadratic closure of Q. This completes the proof. Remark 1. Let F ⊆ R is a euclidean field, i.e. ∀x ∈ F∃y ∈ F (x = y 2 ∨ x = −y 2 ) (cf. [6] ). Our proof of Theorem 1 gives that if x, y ∈ F n (n > 1) and |x − y| is constructible by means of ruler and compass then there exists a finite set S xy ⊆ F n containing x and y such that each map from S xy to R n preserving unit distance preserves the distance between x and y. Theorem 2. If x, y ∈ Q 8 then there exists a finite set S xy ⊆ Q 8 containing x and y such that each map from S xy to R 8 preserving unit distance preserves the distance between x and y.
Proof. Denote by R 8 the set of all d ≥ 0 with the following property: if x, y ∈ Q 8 and |x − y| = d then there exists a finite set S xy ⊆ Q 8 such that x, y ∈ S xy and any map f : S xy → R 8 that preserves unit distance preserves also the distance between x and y.
Obviously 0, 1 ∈ R 8 . We need to prove that if x = y ∈ Q 8 then |x − y| ∈ R 8 . We show that configurations from Figures 1-5 and 7 (see the proof of Theorem 1) exist in Q 8 . We start from simple lemmas.
Lemma 1 (see [11] ). If A and B are two different points of Q n then the reflection of Q n with respect to the hyperplane which is the perpendicular bisector of the segment AB, is a rational transformation (that is, takes rational points to rational points). As in the proof of Theorem 1 we can prove that 2 ∈ R 8 and all integer distances belong to R 8 . In the same way using the Corollary we can prove that all rational distances belong to R 8 , because by Lemma 4 there exists a triangle in Q 8 with sides d, k · d, k · d (d, k are positive integers, see Figure 5 ).
Finally, we prove that |x − y| ∈ R 8 for arbitrary x = y ∈ Q 8 . It is obvious if |x − y| = 1/2 because 1/2 is rational. Let us assume that |x − y| = 1/2. We have: |x − y| 2 ∈ Q∩ (0, ∞). Let |x − y| 2 = k 2 + l 2 + m 2 + n 2 where k, l, m, n are rationals according to Lemma 3.
The following points: s = [−||x − y| 2 − 1/4|, 0, 0, 0, 0, 0, 0, 0] , x = [0, 0, 0, 0, 0, 0, 0, 0] t = [||x − y| 2 − 1/4|, 0, 0, 0, 0, 0, 0, 0] , y = [0, k, l, m, n, 0, 0, 0] form the configuration from Figure 7 for a = ||x − y| 2 + 1/4| ∈ Q∩ (0, ∞) ⊆ R 8 and b = ||x − y| 2 − 1/4| ∈ Q∩ (0, ∞) ⊆ R 8 . The Corollary ensures that |x − y| = √ a 2 − b 2 ∈ R 8 . This completes the proof of Theorem 2.
Remark 2. Theorem 2 implies that any map f : Q 8 → Q 8 which preserves unit distance is an isometry. Remark 3. It is known that the injection of Q n (n ≥ 5) which preserves the distances d and d/2 (d is positive and rational) is an isometry, see [5] . The general result from [7] implies that any map f : Q n → Q n (n ≥ 5) which preserves the distances 1 and 4 is an isometry. On the other hand, from [4] (for n = 1, 2) and [5] (for n = 3, 4) it may be concluded that there exist bijections of Q n (n = 1, 2, 3, 4) which preserve all distances belonging to {k/2 : k = 1, 2, 3, ...} and which are not isometries.
Open Problem. Does the classical Beckman-Quarles theorem hold for some Q n , where n = 8 ?
